Shorbes tath Peolevn
Given o direcked graph with ﬂon-—ﬂ@%&ﬂvé.
ed.g\a \e,ngt’hs) Hnd shortest pdt‘r\ﬁ Tram

a start verlex S ta gl osther verkiceS
(or to a sinj/e 3oa/ vertex 't).
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n= #F vertices =1

M= ¥ e,d%es. =\
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Dilestients  Alec ity .
Maintain a set F of frontier vertices v,
eoch \abeled with atentative djstomce,ﬁ!
d (v). '

Taitially F= $53.d ()=0, d)= dorv+ .

Crenerol Step. Select V €EF, with d(v)
mihimum (/Vow d(v) i5 actuval shoertest

distance from 2.) For each e,dge,

V= w such that dW) + £, <
dlw), veplace d(w) oy dv) + £ (v,w)
and i€ w £F, add w toF.

Repeot genernl step ontil t selected. S

Con be avamented o compute

Snerkest paths a5 wel as s\norl:est
AsLoONn S o
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Operod:ioms on the Frontier Set

Initalize +c¢ Exrmpty ‘vroke ]

o YA M WO 35

Remo& a velrt ex Cﬁgm‘\-e%% d\c\—-mw
dE\é*& v»\w‘\\

Tvsert a vertex with a predefined
dictanc e Onsect)

Reduce the dicstance, of a '\,'szh €X
A data. structure with these
Souve cperations s a\amp

Cpri o b‘ﬁ qu &me.) .
The shortest path problem

heeds 1 ywake  wn delete

min W inskel, M decreas g

ov&ra:t\‘ov\%, | \(\éap Size=wn,




Known HEQP I_rg_?lem entations

Pointer-based
leftist trees (Crane) |
binomial gueves (Vuillemin)
o (loav\') per operation
Tmplicit (array-ba sed)

2-heaps (F \oyd) o(toa 236?:1 S on

- -hmps (E Jomson,D.B.Johnson)
ollogm/,N) perinserk or decreas
('R logm/,N) per delete mmin

Shortest '\mth time..
Diskstra: ~0(n2)




plx) = |x A
children (M= 2x Lx+(



. (Lazy) .B‘:'namia_!‘ Heaps

Heop -ordered tree: vocted tree, one
'\te,\m‘ per node arcanged W heap
order: -'\te_m ) ?arevﬁ: o \omaar‘
thon smallest ktem n children

Croot \as minimum H::OM).

Rank of & node: vomber of children




Linking of trees: compare it ems in
roots, maoke wnode with smaller
item the parent of the node with
the \ager.

_L_.i_V_\_\Qgg cule: OV\\% K trees woith roots

of ect)ocd ok .

[/’n/tinj Takes Q1) fime .




Represent a \ne,cip bx:\) a forest of
heap ~ordered trees.

Mmake: create o wvewy empty forest.

mserl: create a one-node tree ot

of wnew item and add it +othe
forests.

delete in:
4. Find rcot wth Mnimum item.
2. Remove this roct and save item.
3 Re'\pen-tcd\\j Nk Yrees wovth rocks
of equal vank, untl\ wno two

rootks \hawve equal rank.
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5“"? /{nk?nj’ use an array offuc_g

| \gi'b(u onf’. | Pos'tt’,én P" rmnk.



’ Facts Needed for Avalusis

1. Al tre&s are Divomial ;\

_'Bo' BK= BKl

Bx-1

By has 2" wnodes coct of rank k.

2. Each lnk reduces nomb-e& ot trees

bt_», one. .

nsert creates one newy tree

delete min creates at mosk 103n

New trees ends with at wost lggv\




Amorti zation

Awmortized tivne ot an Qpe,ra't'\‘ov\ = actval tme

PLS net, merease W number of Trees.

Sum of amortized times of opcrations <

sum ot actua) Jﬁmes +Sina) wumboer Vd: trees

=> Toto! actuwsl ¥me £ 4okl amortized Ltime.

Amortized time of make, nsert is ol1).

Amortized time .o{' delete win s OUOSV\\)!

K nitia) trees  at mosk log n new trees,

k+logn octuoal Hme, ot most logw final tree

AL+ log n -\'Clocy\- K) L Zb(ﬁ\“




Imf,gmtaﬁu Detarly

Clildren ace §rd¢recl from /a:’ut ronk

+o smallest.

Eack myle £teres ma‘., first c‘.‘/d, nex?t
S:J/a‘o:’..

E‘U" ( mr.st-cw) versmn:

Maintain at most cac Zree per rank.

Insed decemes 0[@,4) wearst~case .




Our Groal

Trplement a heap with the
'Fc\\owiha time bounds:

o(log n) for delete min
o (1) for other operations

To g‘we o(n \osn+m)
for shortest paths,

Our struoctore achieves
these bounds in &n
amortized Gime -averaaed)

sensée..




E x¥ension to decrease Fibonace: heaps)

decre,qse: cut edaedoim,,-\g deé"'edse,[~
Fems node o its poxant

Cereates oo new +tree).
| WP | Y ,
2-> —7 E
@ ;

Problem: Trees are no lonﬁer binemiald =7

rank of root s no lévxser logcm{tkms'«;,

" Size =

o( \03n3 boond for delete min i ne

loraer vald,




Solut ion: Kascac(r:/nl [utS

When o node \oses o second. child

Cvid o cut),— cot t Hromn its ?&rent.

Count of lost children restarted
when oo node becommes a von-

root viaa a. ink.




Amertized Aulys;s
D= drteees 4 IxHmarked roples

= A Mh- ﬂl‘d'\l\“t;i‘\] cut

Aecreases § A, K +.l fm. 4
nO (]

F decrense das Q1) amartized time
insert | dekte min analysss as defare :

anortized fims ‘( ablcb. mia =
0[ fPTYY™ rul)




Focts 4or Anal USI S

Marked node: has lost a child.

1. Nomber ot cuts is at most twice +he

nomber of decrease operations.

Eadh cuk in o decrease except the
st unmarks o node . The \ast
cot can vwork a node.

2. A node of rank K has at least
k
fxv22 3" descendants.
-FO:'O) ‘Gl“l/ ‘FK:%K-Z “'"’ -1 are‘thﬁ

Fibonacci wombers 0,112,3,5,313,...

F= (1 +J5)/2




Worst - Cage Trees

CH\'g\r\eSt ronk for smallest 6126)

- /\ K{\‘ m
e (D

Fx-2

Lemma. The youngest child of a node of

ronk K has rank at least k-2,

| Avxa\\jsis of delete min is as before with

log gn \v’\ t‘:)\ace, of ‘037.”‘




Rank Bownd

Order +i¢ d:l'[oct\ 6”« OIOJQ 5’ time
of /;JJU ‘

When M Aild liked, pareat must
have rank 2 k-1 D ckild Aas rank? k-1

Chld must rema:n c‘f rank A«Z, Qr cul

let I-:: min 8 of sndes in a sadtroe whose
reot fos rank k.
| k-2
Rl fer, 63 T £ 42

The Fibdenace: s cb, His recerrence
with equality (Why?) | dence
f';é'f; (Adw’y 3), Aeace
max rank s O(Iva)



Im P/C menbation Details

Each rede stores 1fs m\/z, wdetder 11 /8
marked Fint child) parsit, aext 5idlng,
va.’gms :.'[/.':’

Teo Ny peinters A V1 Hae, space

conStaals




Extensions of FRbonacc Heops

meld: combine +two - c\\'s\\ow\’c Heaps

¥o) (_ﬁ e

deleke or increase  any ftem
ollogwn) time

ad 'a constant "'to all items
heap

0(1) time
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TAin Aemps= Af+crnat;ve, to Ffémnaccf Acafs

l) Each I\OV{Q /)%5 /| I"w»L = 0/927/*(’.5 ,.(’H\fcf. A“&(&S
“or 1+ D{?I‘Gb ( £ia node\

2) C/\flo’rbn cﬂ[ A nagle 01[ dfz?t‘ﬁe L AM'C ranxs
k-1, k-2 ..., 0

)

:Docrcase/l removes S u“re.e, at Cle,wc,af'—J Aw{e,)

Creot €8 new toee

Ma7 0{!50 Cl‘Ca/b a ;{L/I:\] Vfo/ov}fw\ /a[ 2_) or

& parat Vielation ‘of 1\,
t .
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Size of #lia /\wf)s
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»Ia» k-1

| ]{'1 or k-2



